
Deriving Automatic 
Differentiation

Forwards and in Reverse

with Birthe van den Berg 
& Alexander Vandenbroucke
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Symbolic Differentiation
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Textbook Rules
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1&1. ً�� +BOVBSZ ��م�� ���� $PQFOIBHFO %FONBSL 4DISJKWFST

eval g One = one
eval g (Plus e1 e2) = plus (eval g e1) (eval g e2)
eval g (Times e1 e2) = times (eval g e1) (eval g e2)
य़F STU DBTF DBQUVSFT UIF EFOJOH QSPQFSUZ PG UIF GSFF TFNJSJOH� य़F PUIFS GPVS DBTFT MJUFSBMMZ
FYQSFTT UIBU eval g JT B TFNJSJOH IPNPNPSQIJTN�

*G XF USFBU a BT UIF TFU PG WBSJBCMFT UIFO XF DBO UIF EFOF QBSUJBM EFSJWBUJWF XJUI SFTQFDU UP POF
TVDI WBSJBCMF TZNCPMJDBMMZ PO Expr a VTJOH UIF XFMM�LOPXO SVMFT�

!"

!#
= 0

!$

!#
=

{
1 , # = $
0 , # ≠ $

!(%1 + %2)
!#

=
!%1
!#

+ !%2
!#

!(%1 × %2)
!#

=
!%1
!#
× %2 + %1 ×

!%2
!#

*O DPEF UIJT MPPLT MJLF�
derive :: Eq a⇒ a→ Expr a→ Expr a
derive a (Var b) = if a ≡ b then One else Zero
derive a Zero = Zero
derive a One = Zero
derive a (Plus e1 e2) = Plus (derive a e1) (derive a e2)
derive a (Times e1 e2) = Plus (Times (derive a e1) e2) (Times e1 (derive a e2))
"U STU CMVTI derive a MPPLT MJLF B TFNJSJOH IPNPNPSQIJTN GSPN Expr a UP Expr a� 6OGPSUVOBUMFZ
UIF MBTU DBTF derive a (Times e1 e2) EPFT OPU U UIF QB॒FSO� *O GBDU UIJT MBTU DBTF EPFT OPU SFBEJMZ
U UIF TUSVDUVSBM SFDVSTJPO PG eval CFDBVTF JUT SFTVMU JT OPU 	KVTU
 B GVODUJPO PG derive a e1 BOE
derive a e2� *OEFFE JU BMTP SFRVJSFT UIF PSJHJOBM e1 BOE e2� य़JT SFDVSTJPO QB॒FSO JT LOPXO BT
B QBSBNPSQIJTN� 'PSUVOBUFMZ B QBSBNPSQIJTN DBO CF FYQSFTTFE JO UFSNT PG TUSVDUVSBM SFDVSTJPO
XJUI UVQMFTۘUIF UIFPSZ PG BEKPJOU GPMET EJTDVTTFT UIJT JO NPSF EFUBJM�
derive2 :: Eq a⇒ a→ Expr a→ Expr a
derive2 a e = snd (derive′ a e)
derive′ :: Eq a⇒ a→ Expr a→ (Expr a, Expr a)
derive′ a (Var b) = (Var b, if a ≡ b then One else Zero)
derive′ a Zero = (Zero, Zero)
derive′ a One = (One, Zero)
derive′ a (Plus e1 e2) = let (e1′, de1′) = derive′ a e1′

(e2′, de2′) = derive′ a e2′

in (Plus e1′ e2′, Plus de1′ de2′)
derive′ a (Times e1 e2) = let (e1′, de1′) = derive′ a e1

(e2′, de2′) = derive′ a e2
in (Times e1′ e2′, Plus (Times de1′ e2′) (Times e1′ de2′))

*U UVSOT PVU UIBU GPSNVMBUFE UIJT XBZ derive′ a JT BDUVBMMZ B TFNJSJOH IPNPNPSQIJTN� य़F UBSHFU
PG UIJT IPNPNPSQIJTN JT B TQFDJBM TFNJSJOH UIBU JT LOPXO JO UIF MJUFSBUVSF PG EJFSFOUBUJPO BT EVBM
OVNCFST� *UT DBSSJFS DBO CF HFOFSBMJ[FE GSPN B UVQMF PG UXP Expr WBMVFT UP B QBJS PG BOZ TFNJSJOHT
WBMVFT�

�
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Minimal Expression Language
> class Semiring d where 
>   zero  ! d 
>   one   ! d 
>   plus  ! d " d " d 
>   times ! d " d " d
> instance Semiring Int where 
>   zero  = 0 
>   one   = 1 
>   plus  = (+) 
>   times = (*)
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Symbolic Representation

> data Expr v 
>   = Var v 
>   | Zero 
>   | One 
>   | Plus (Expr v) (Expr v) 
>   | Times (Expr v) (Expr v)

Look, it’s free!
5



Free (Lawless) Semiring

> eval ! Semiring d # (v " d) " (Expr v " d) 
> eval g (Var a)        =  g a 
> eval g Zero           =  zero 
> eval g One            =  one 
> eval g (Plus e1 e2)   =  plus (eval g e1) (eval g e2) 
> eval g (Times e1 e2)  =  times (eval g e1) (eval g e2)

g = eval g . Varsemiring homomorphismunique

It’s a fold.
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Symbolic Differentation

Is this a fold?
> derive ! Eq v # v " Expr v " Expr v 
> derive a (Var b)       = if a $ b then One else Zero 
> derive a Zero          = Zero 
> derive a One           = Zero 
> derive a (Plus e1 e2)  = Plus (derive a e1) (derive a e2) 
> derive a (Times e1 e2) = Plus (Times (derive a e1) e2)  
                                (Times e1 (derive a e2))

Almost…
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Adjoint Folds: Paramorphisms

> derive  ! Eq v # v " Expr v " Expr v 
> derive’ ! Eq v # v " Expr v " (Expr v, Expr v)

derive x = snd . derive’ x

satisfying
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Symbolic Derivation Catamorphism

> derive' ! Eq v # v " Expr v " (Expr v, Expr v) 
> derive' a (Var b)        = (Var b, if a $ b then One else Zero) 
> derive' a Zero           = (Zero, Zero) 
> derive' a One            = (One, Zero) 
> derive' a (Plus e1 e2)   = let (e1', de1') = derive' a e1' 
>                                (e2', de2') = derive' a e2' 
>                            in (Plus e1' e2', Plus de1' de2') 
> derive' a (Times e1 e2)  = let (e1', de1') = derive' a e1 
>                                (e2', de2') = derive' a e2 
>                            in (Times e1' e2' 
>                               , Plus (Times de1' e2') (Times e1' de2'))

Is this a homomorphism?

Yes, we can make it so.
9



Make it so, Number 2!

> data Dual d = D d d 
> 
> instance Semiring d # Semiring (Dual d) where 
>   zero                     = D zero zero 
>   one                      = D one zero 
>   plus  (D f df) (D g dg)  = D (f `plus`  g) (df `plus` dg) 
>   times (D f df) (D g dg)  = D (f `times` g)  
>                                ((df `times`  g) `plus` (f `times` dg))

derive’ x = eval g 
  where  
    g y = if x $ y then one else zero
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Forward Mode  
Automatic Differentiation
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Evaluate Symbolic Derivative

evalDerive = (Eq v, Semiring d) # (v " d) " v " Expr v " Dual d 
evalDerive gen x = eval gen . derive x

Inefficient!
O(n2)

because of expression swell
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1&1. ً�� +BOVBSZ ��م�� ���� $PQFOIBHFO %FONBSL 4DISJKWFST

eval g One = one
eval g (Plus e1 e2) = plus (eval g e1) (eval g e2)
eval g (Times e1 e2) = times (eval g e1) (eval g e2)
य़F STU DBTF DBQUVSFT UIF EFOJOH QSPQFSUZ PG UIF GSFF TFNJSJOH� य़F PUIFS GPVS DBTFT MJUFSBMMZ
FYQSFTT UIBU eval g JT B TFNJSJOH IPNPNPSQIJTN�

*G XF USFBU a BT UIF TFU PG WBSJBCMFT UIFO XF DBO UIF EFOF QBSUJBM EFSJWBUJWF XJUI SFTQFDU UP POF
TVDI WBSJBCMF TZNCPMJDBMMZ PO Expr a VTJOH UIF XFMM�LOPXO SVMFT�

!"

!#
= 0

!$

!#
=

{
1 , # = $
0 , # ≠ $

!(%1 + %2)
!#

=
!%1
!#

+ !%2
!#

!(%1 × %2)
!#

=
!%1
!#
× %2 + %1 ×

!%2
!#

*O DPEF UIJT MPPLT MJLF�
derive :: Eq a⇒ a→ Expr a→ Expr a
derive a (Var b) = if a ≡ b then One else Zero
derive a Zero = Zero
derive a One = Zero
derive a (Plus e1 e2) = Plus (derive a e1) (derive a e2)
derive a (Times e1 e2) = Plus (Times (derive a e1) e2) (Times e1 (derive a e2))
"U STU CMVTI derive a MPPLT MJLF B TFNJSJOH IPNPNPSQIJTN GSPN Expr a UP Expr a� 6OGPSUVOBUMFZ
UIF MBTU DBTF derive a (Times e1 e2) EPFT OPU U UIF QB॒FSO� *O GBDU UIJT MBTU DBTF EPFT OPU SFBEJMZ
U UIF TUSVDUVSBM SFDVSTJPO PG eval CFDBVTF JUT SFTVMU JT OPU 	KVTU
 B GVODUJPO PG derive a e1 BOE
derive a e2� *OEFFE JU BMTP SFRVJSFT UIF PSJHJOBM e1 BOE e2� य़JT SFDVSTJPO QB॒FSO JT LOPXO BT
B QBSBNPSQIJTN� 'PSUVOBUFMZ B QBSBNPSQIJTN DBO CF FYQSFTTFE JO UFSNT PG TUSVDUVSBM SFDVSTJPO
XJUI UVQMFTۘUIF UIFPSZ PG BEKPJOU GPMET EJTDVTTFT UIJT JO NPSF EFUBJM�
derive2 :: Eq a⇒ a→ Expr a→ Expr a
derive2 a e = snd (derive′ a e)
derive′ :: Eq a⇒ a→ Expr a→ (Expr a, Expr a)
derive′ a (Var b) = (Var b, if a ≡ b then One else Zero)
derive′ a Zero = (Zero, Zero)
derive′ a One = (One, Zero)
derive′ a (Plus e1 e2) = let (e1′, de1′) = derive′ a e1′

(e2′, de2′) = derive′ a e2′

in (Plus e1′ e2′, Plus de1′ de2′)
derive′ a (Times e1 e2) = let (e1′, de1′) = derive′ a e1

(e2′, de2′) = derive′ a e2
in (Times e1′ e2′, Plus (Times de1′ e2′) (Times e1′ de2′))

*U UVSOT PVU UIBU GPSNVMBUFE UIJT XBZ derive′ a JT BDUVBMMZ B TFNJSJOH IPNPNPSQIJTN� य़F UBSHFU
PG UIJT IPNPNPSQIJTN JT B TQFDJBM TFNJSJOH UIBU JT LOPXO JO UIF MJUFSBUVSF PG EJFSFOUBUJPO BT EVBM
OVNCFST� *UT DBSSJFS DBO CF HFOFSBMJ[FE GSPN B UVQMF PG UXP Expr WBMVFT UP B QBJS PG BOZ TFNJSJOHT
WBMVFT�

�
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Calculemus!
O(n2)evalDerive gen x 

eval gen . derive x

eval gen . sndD . eval gen’

sndD . fmap (eval gen) . eval gen’

sndD . eval (fmap gen . gen’)

O(n)

= {- eval fusion -}

= {- definition -}

= {- naturality of sndD -}

= {- definition -}

= {- simplify -}
sndD . eval gen’’ where 
  gen’’ y = D (gen y) (if x $ y then one else zero)
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Forward Mode

forwardAD ! (Eq v, Semiring d) # (v " d) " v " Expr v " d 
forwardAD gen x  = sndD . eval gen’’ where 
  gen’’ y = D (gen y) (if x $ y then one else zero)

O(n)

evalDerive = (Eq v, Semiring d) # (v " d) " v " Expr v " d 
evalDerive gen x = eval gen . derive x

O(n2)
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Derivatives for All
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I want them all

forwardAD ! (Eq v, Semiring d) # (v " d) " v " Expr v " Dual d 
forwardAD gen x  = eval gen’’ where 
  gen’’ y = D (gen y) (if x $ y then one else zero)

O(n)
One Partial Derivative

All Partial Derivatives
allForwardAD ! (Eq v, Semiring d) # (v " d) " Expr v " (v " Dual d) 
allForwardAD gen = eval gen’’ where 
  gen’’ y = \x " D (gen y) (if x $ y then one else zero)

pointwise  
dual semiring
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Evaluation shared is evaluation spared

v " Dual d
pointwise dual semiring

v partial derivativesv expression values
v copies

(d, v " d)
more economic representation
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Optimisation 1



Evaluation shared is evaluation spared

(d, v " d)
more economic representation
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Optimisation 1

scalar multiplication

vector addition



Zeroing the zeros

(d, v " d)

many zeros

(d, Map v d)
sparse representation

all zeros preserve  
implicit zeros
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Optimisation 2



All Derivatives, Sparsely

O(vn)
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Forward in Reverse
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Reverse Approach
Step 1:  

downwards accumulation
Step 2: 

unions to upserts
Step 3: 

mutation
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!-Style Cayley Representation

monoid of interest left-nesting monoid
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…for Scalar Multiplication

Map v d (d " Map v d)
vector of interest left-nesting scalar multiplication
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Step 1: Downwards Accumulation

(d, Map v d)upwards accumulation

(d, d " Map v d)downwards accumulation

left-nesting multiplication built-in
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(d, d " Map 1 d)



Step 2: Unions to Upserts

(d, d " Map v d)

(d, d " Map v d " Map v d)

 Cayley Representation
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Step 2: Unions to Upserts

(d, d " Map v d " Map v d)
O(1)

O(log v)
O(n*log v)

28



Step 3: Mutation

(d, d " Map v d " Map v d)

(d, d " IO ())

Mutable Array Updates

O(n + v)

array allocationactual processing
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Summary
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Summary
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1&1. ً�� +BOVBSZ ��م�� ���� $PQFOIBHFO %FONBSL 4DISJKWFST

eval g One = one
eval g (Plus e1 e2) = plus (eval g e1) (eval g e2)
eval g (Times e1 e2) = times (eval g e1) (eval g e2)
य़F STU DBTF DBQUVSFT UIF EFOJOH QSPQFSUZ PG UIF GSFF TFNJSJOH� य़F PUIFS GPVS DBTFT MJUFSBMMZ
FYQSFTT UIBU eval g JT B TFNJSJOH IPNPNPSQIJTN�

*G XF USFBU a BT UIF TFU PG WBSJBCMFT UIFO XF DBO UIF EFOF QBSUJBM EFSJWBUJWF XJUI SFTQFDU UP POF
TVDI WBSJBCMF TZNCPMJDBMMZ PO Expr a VTJOH UIF XFMM�LOPXO SVMFT�

!"

!#
= 0

!$

!#
=

{
1 , # = $
0 , # ≠ $

!(%1 + %2)
!#

=
!%1
!#

+ !%2
!#

!(%1 × %2)
!#

=
!%1
!#
× %2 + %1 ×

!%2
!#

*O DPEF UIJT MPPLT MJLF�
derive :: Eq a⇒ a→ Expr a→ Expr a
derive a (Var b) = if a ≡ b then One else Zero
derive a Zero = Zero
derive a One = Zero
derive a (Plus e1 e2) = Plus (derive a e1) (derive a e2)
derive a (Times e1 e2) = Plus (Times (derive a e1) e2) (Times e1 (derive a e2))
"U STU CMVTI derive a MPPLT MJLF B TFNJSJOH IPNPNPSQIJTN GSPN Expr a UP Expr a� 6OGPSUVOBUMFZ
UIF MBTU DBTF derive a (Times e1 e2) EPFT OPU U UIF QB॒FSO� *O GBDU UIJT MBTU DBTF EPFT OPU SFBEJMZ
U UIF TUSVDUVSBM SFDVSTJPO PG eval CFDBVTF JUT SFTVMU JT OPU 	KVTU
 B GVODUJPO PG derive a e1 BOE
derive a e2� *OEFFE JU BMTP SFRVJSFT UIF PSJHJOBM e1 BOE e2� य़JT SFDVSTJPO QB॒FSO JT LOPXO BT
B QBSBNPSQIJTN� 'PSUVOBUFMZ B QBSBNPSQIJTN DBO CF FYQSFTTFE JO UFSNT PG TUSVDUVSBM SFDVSTJPO
XJUI UVQMFTۘUIF UIFPSZ PG BEKPJOU GPMET EJTDVTTFT UIJT JO NPSF EFUBJM�
derive2 :: Eq a⇒ a→ Expr a→ Expr a
derive2 a e = snd (derive′ a e)
derive′ :: Eq a⇒ a→ Expr a→ (Expr a, Expr a)
derive′ a (Var b) = (Var b, if a ≡ b then One else Zero)
derive′ a Zero = (Zero, Zero)
derive′ a One = (One, Zero)
derive′ a (Plus e1 e2) = let (e1′, de1′) = derive′ a e1′

(e2′, de2′) = derive′ a e2′

in (Plus e1′ e2′, Plus de1′ de2′)
derive′ a (Times e1 e2) = let (e1′, de1′) = derive′ a e1

(e2′, de2′) = derive′ a e2
in (Times e1′ e2′, Plus (Times de1′ e2′) (Times e1′ de2′))

*U UVSOT PVU UIBU GPSNVMBUFE UIJT XBZ derive′ a JT BDUVBMMZ B TFNJSJOH IPNPNPSQIJTN� य़F UBSHFU
PG UIJT IPNPNPSQIJTN JT B TQFDJBM TFNJSJOH UIBU JT LOPXO JO UIF MJUFSBUVSF PG EJFSFOUBUJPO BT EVBM
OVNCFST� *UT DBSSJFS DBO CF HFOFSBMJ[FE GSPN B UVQMF PG UXP Expr WBMVFT UP B QBJS PG BOZ TFNJSJOHT
WBMVFT�

�

(d,d)

Textbook Rules Dual Numbers

basic algebra/category theory 
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… (d,d " IO ())

Reverse Dual Numbers

…

It’s just attribute 
grammars!


